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Abstract 

We consider a non-self-adjoint /i-pseudodifferential operator P in 
the semi-classical limit (h — * 0). If p is the leading symbol, then 
under suitable assumptions about the behaviour of p at infinity, we 
know that the resolvent (z — P)" 1 is uniformly bounded for z in any 
compact set not intersecting the closure of the range of p. Under a 
subellipticity condition, we show that the resolvent extends locally 
inside the range up to a distance 0(l)((Mn l) fc /( fc+1 )) from certain 
boundary points, where k £ {2,4,...}. This is a slight improvement 
of a result by Dencker, Zworski and the author, and it has recently 
been obtained by W. Bordeaux Montrieux in a model situation where 
k = 2. The method of proof is different from the one of Dencker et al, 
and is based on estimates of an associated semi- group. 

Resume 

Nous considerons un operateur /i-pseudodifferentiel non-autoadjoint 
P dans la limite semi-classique (h — * 0). Si p designe le symbole prin- 
cipal, alors sous des hypotheses convenables sur le comportment de p 
a l'infini nous savons que la resolvante (z — est uniformement 

bornee pour z dans un compact qui ne rencontre pas l'adherence 
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de l'image de p. Sous une hypothese des sous-ellipticite, nous mon- 
trons que la resolvante s'etend vers l'interieur de cet image jusqu'a 
une distance C(l)((/iln de certains points du bord, ou k G 

{2,4,...}. Ceci est une legere amelioration d'un resultat de Dencker, 
Zworski et l'auteur. Cette amelioration a ete obtenue recemment par 
W. Bordeaux Montrieux dans une situation modele ou k = 2. La 
methode de preuve, qui est differente de celle de Dencker et al, est 
basee sur des estimations sur un semi-groupe microlocal associe. 
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1 Introduction 

In this paper, we are interested in bounds on the resolvent (z — P) _1 of a 
non-self-adjoint /i-pseudodifferential operator with leading symbol p when 
h — > 0, for z in a neighborhood of certain points on the boundary of the 
range of p. The interest in such questions arouse with that in pseudospectra 
of non-self-adjoint operators, see (22j [23] . Under reasonable hypothesies we 
know that (z — P)^ 1 is uniformly bounded for h > small enough and for z 
in any fixed compact set in C, disjoint from the closure of the range of p. On 
the other hand, by a quasi-mode construction of E.B. Davies [5], that was 
generalized by Zworski [2l] by reduction to an old quasi-mode construction 
of Hormander (see also [7] for a more direct approach), we also know that 
if C 3 z = p(p), where p is a point in phase space where > and 

{•,••} denotes the Poisson bracket, then we have quasimodes for P — z in the 
sense that there exist u = Uh G C^°, normalized in L 2 , such that the L 2 norm 
of (P — z)uh is 0(h°°), implying, somewhat roughly, that the norm of the 
resolvent (whenever it is defined) cannot be bounded by a negative power of 
h. 

A natural question is then what happens when z is close to the boundary 
of the range of p. L. Boulton [T] and Davies [B] obtained some results about 
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this in the case of the non-self-adjoint harmonic operator on the real line. As 
with the quasi-mode construction this question is closely related to classical 
results in the general theory of linear PDE, and with N. Dencker and Zworski 
([?]) we were able to find quite general results closely related to the classical 
topic of subellipticity for pseudo differential operators of principal type, stud- 
ied by Egorov, Hormander and others. See [T2] . This topic in turn is closely 
related to the oblique derivate problem and degenerate elliptic operators, 
where V.G. Maz'ya has made important contributions. See [T6l \T7\. 
In [7] we obtained resolvent estimates at certain boundary points, 

(A) under a non-trapping condition, 
and 

(B) under a stronger "subellipticity condition" . 

In case (A) we could apply quite general and simple arguments related 
to the propagation of regularity and in case (B) we were able to adapt gen- 
eral Weyl-Hormander calculus and Hormander's treatment of subellipticity 
for operators of principal type ([12]). In the first case we obtained that 
the resolvent extends and has temperate growth in \jh in discs of radius 
0(h\nl/h) centered at the appropriate boundary points, while in case (B) 
we got the corresponding extension up to distance 0(h k ^ k+1 ^), where the 
integer k > 2 is determined by a condition of "subellipticity type" . 

However, the situation near boundary points of the type (B) is more 
special than the general subellipticity situations considered by Egorov and 
Hormander, and the purpose of the present paper is to develop such an 
approach by studying an associated semi-group basically as a Fourier inte- 
gral operator with complex phase in the spirit of Maslov [Hj, Kucherenko 
|13j . Melin-Sjostrand [IE]. (See also the more recent works by A. Menikoff- 
Sjostrand [20], O. Matte [T5] , extending the approach of [IB] to non-homogeneous 
cases.) Finally it turned out to be more convenient to use Bargmann-FBI 
transforms in the spirit of [21] and [9]. The semigroup method led to a 
strengthened result in case (B): The resolvent can be extended to a disc of 
radius 0((hlnl/h) k ^ k+1 ^) around the appropriate boundary points. This 
improvement has been obtained recently by W. Bordeaux Montrieux [I] for 
the model operator hD x + g(x), when g 6 C°°(S' 1 ) and the points of maxi- 
mum or minimum are all nondegenerate. In that case k = 2 and Bordeaux 
Montrieux also constructed quasi-modes for values of the spectral parameter 
that are close to the boundary points. 

We next state the results and outline the proof in case (B). 

Let X be equal to R n or equal to a compact smooth manifold of dimension 

n. 

In the first case, let m G C°°(R 2n ; [1, +oo[) be an order function (see [8] 
for more details about the pseudodifferential calculus) in the sense that for 
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some C , N > 0, 

m(p)<C (p-p,) N °m(p), p,/iGR 2 ™, (1.1) 

where (p — p) = (1 + \p — p) 2 ) 1 / 2 . Let P = P(x,£; h) G S(m), meaning that 
P is smooth in x, £ and satisfies 

\d^P(x,^;h)\ < C a m(x^), (x,0 G R 2 ", a G N 2 ", (1.2) 

where C a is independent of h. We also assume that 

P(x,£;h) ~po(ar,0 + /ipi(z,£) + in £(m), (1.3) 

and write p = Po for the principal symbol. We impose the ellipticity assump- 
tion 

3u; G C, C > 0, such that \p(p) -w\> m{p)/C, Vp G R 2n . (1.4) 
In this case we let 

P = P w (x, hD x ; h) = Op(P(x, h)) (1.5) 

be the Weyl quantization of the symbol P(x, h£; h) that we can view as a 
closed unbounded operator on L 2 (R n ). 

In the second case when X is compact manifold, we let P G S'] n (T*X) 
(the classical Hormander symbol space ) of order m > 0, meaning that 

\d^dPp{x^-h)\ < c a AO m ' m , e (i.6) 

where C aj/ g are independent of h. We also assume that we have an expansion 
as in (11.31) . now in the sense that 

N-l 

P{x,£;h) -J2 hj Pi( x >0 e h N S™ N (T*X), N = 1,2,... (1.7) 
o 

and we quantize the symbol P(x, h£; h) in the standard (non-unique) way, 
by doing it for various local coordinates and paste the quantizations together 
by means of a partition of unity. In the case m > we impose the ellipticity 
condition 

mm 

3C > 0, such that \p{x,£)\ > |f| > C. (1.8) 

Let S(p) = p*{T*X) and let £oo(p) be the set of accumulation points of 
p(pj) for all sequences pj G T*X, j = 1,2,3,.. that tend to infinity. The 
following theorem is a partial improvement of corresponding results in [7]. 
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Theorem 1.1 We adopt the general assumptions above. Let z £ 9E(p) \ 
^oo(p) an< ^ assume that dp 7^ at every point of p~ 1 {zq). Then for every 
such point p there exists 9 G R (unique up to a multiple of it) such that 
d{e~ ld (p — zq)) is real at p. We write 9 = 9(p). Consider the following two 
cases: 

• (A) For every p G p~ 1 (zq), the maximal integral curve of H^-ie^p) 
through the point p is not contained in p~ 1 (zq). 

• (B) There exists an integer k > 1 such that for every p G p^ 1 {zq), there 
exists j G {1,2,.., A;} such that 

p*(exptH p (p)) = at j + 0(t j+1 ), t -> 0, 

where a = a{p) ^ 0. Here p also denotes an almost holomorphic extes- 
nion to a complex neighborhood of p and we put = p(~p). Equiva- 

lently, H>(j>)(p)/(j!) = a ^ 0. 

Then, in case (A), there exists a constant Cq > such that for every 
constant C\ > there is a constant C<i > such that the resolvent (z — P)^ 1 
is well-defined for \z — Zq\ < Ci/tln^ ; h < and satisfies the estimate 

||(^-P)- 1 ||<^exp(^|^-z |). (1.9) 

In case (B), there exists a constant Co > such that for every constant 
C\ > there is a constant Ci > such that the resolvent (z — P)^ 1 is 
well-defined for \z — Zq\ < Ci(Mn l) fc /( fe+1 ) ; h < ^ and satisfies the estimate 

\\(z-Pr\\<^eM%-^). (1.10) 

In [7] we obtained (ll.9p . fll.lOp for z = z Q , implying that the resolvent 
exists and satisfies the same bound for \z — Zq\ < h k ^ h+1 ^ /0(1) in case (B) 
and with k/(k + 1) replaced by 1 in case (A). In case (A) we also showed 
that the resolvent exists with norm bounded by a negative power of h in any 
disc D(z ,Cih\n(l/h)). (The condition in case (B) was formulated a little 
differently in [7], but as we shall see later on the two conditions leed to the 
same microlocal models and hence they are equivalent.) Actually the proof 
in [7J also gives (11.91) . so even if the methods of the present paper also most 
likely lead to that bound, we shall not not elaborate the details in that case. 

Let us now consider the special situation of potential interest for evolution 
equations, namely the case when 

Zq G iR, (1.11) 
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&p(p) > in neigh (p- 1 (z ),T*X). (1.12) 



Theorem 1.2 VKe adopt the general assumptions above. Let z £ 9E(p) \ 
Soo(p) awe? assume ( fl.iij) . yl/so assume that dp ^ on p -1 ^), so 

£/ia£ rf^p ; c?3?p = on £/iat se£. Consider the two cases of Theorem \l.l[ 

• (A) For every p G p -1 ^); maximal integral curve of H^ p through 
the point p contains a point where dip > 0. 

• (B) There exists an integer k > 1 such that for every p G p^ 1 {zq), we 
have HqJR-p(p) ^ for some j G {1,2,..., A;}. 

Then, in case (A), there exists a constant Cq > such that for every 
constant C\ > there is a constant C<i > such that the resolvent (z — P)^ 1 
is well-defined for 

\$S(z-Zo)\ <^r, —r < dlz < dMni h< — , 

L/Q Uq ^2 



and satisfies the estimate 

^exp(^3fc),3fc > -/i 

In case (B), there exists a constant C > such that for every constant 
C\ > there is a constant C2 > stzc/i £/ia£ £/ie resolvent (z — P)^ 1 is 
well-defined for 

\%z-z )\<-^, zl<^<C 1 (/ i ln^)WT, /k-L (1.14) 
and satisfies the estimate 

P) \\ < < * * (1 15) 

- ^ -^exp(f (azjf 1 ),^-/^. 

hfc+i 

The case (A) in the theorems is practically identical with the correspond- 
ing results in [7] and can be obtained by inspection of the proof there, and 
from now on we concentrate on the case (B). Away from the set p' 1 {zq) we 
can use ellipticity, so the problem is to obtain microlocal estimates near a 
point p G p^ 1 (z ). After a standard factorization of P — z in such a region, 
we can further reduce the proof of the first theorem to that of the second 
one. 
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The main (quite standard) idea of the proof of Theorem 11.21 is to study 
exp(—tP/h) (microlocally) for < t <C 1 and to show that in this case 

||exp-^||<Cexp(-^), (1.16) 

for some constant C > 0. Noting that that implies that || exp — = 0(h°°) 
for t > h 5 when 5{k + 1) < 1, and using the formula 

(z - P)- 1 = -1 J™ eM^j^-)dt, (1-17) 

leads to (11.151) . (This has some relation to the works of A. Cialdea and Maz'ya 
j3j H] where the L p dissipativity of second order operators is characterized.) 

The most direct way of studying exp(—tP/h), or rather a microlocal 
version of that operator, is to view it as a Fourier integral operator with 
complex phase ( [HI [J3J [TBI OS] ) of the form 

U(t)u(x) = — L- 1 1 e *M***>-*-i>a(f , x, V ; h)u(y)dyd V , (1.18) 

where the phase <ft should have a non-negative imaginary part and satisfy the 
Hamilton- Jacobi equation: 

id t (p + p(x, d x (j>) = e>((30)°°), locally uniformly, (1.19) 

with the initial condition 

0(0, x, rj) = x ■ rj. (1.20) 

The amplitude a will be bounded with all its derivatives and has an asymp- 
totic expansion where the terms are determined by transport equations. This 
can indeed be carried out in a classical manner for instance by adapting the 
method of [18] to the case of non-homogeneous symbols following a reduction 
used in [201 [15]. It is based on making estimates on the fonction 

S y (t) = %([ f(s) • dx(s)) - 3^(t) • 3fr(t) + 3^(0) • Qfar(0) 
Jo 

along the complex integral curves 7 : [0, T] 3 s 1— * (rr(s),£(s)) of the Hamil- 
ton field of p. Notice that here and already in (I1.19p . we need to take an 
almost holomorphic extension of p. Using the property (B) one can show 
that $s(j)(t, x, if) > C~ x t k+1 and from that we can obtain (a microlocalized 
version of) (11.161) quite easily. 
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Finally, we prefered a variant that we shall now outline: Let 



Tu(x) = Ch-% / e^ y) u(y)dy, 



be an FBI - or (generalized) Bargmann-Segal transform that we treat in the 
spirit of Fourier integral operators with complex phase as in [21]. Here <fi is 
holomorphic in a neighborhood of (x , y ) G C n x R n , and — <f> r y (x , y ) = rj G 
R n , ^4>l y {xq, yo) > 0, det <fi" y (xo, yo) ^ 0. Let K t be the associated canonical 
transformation. Then microlocally, T is bounded L 2 — > i/$ := Hoi (O) H 
L 2 (Q, e~ 2<s> °/ h L(dx)) and has (microlocally) a bounded inverse, where fHs a 
small complex neighborhood of xq in C n . Here the weight $o is smooth and 
strictly pluri-subharmonic. If A$ := {(x, f ^f); £ G neigh (x )}, then (in the 
sense of germs) A$ = kt{T*X). The conjugated operator P = TPT^ 1 can 
be defined locally modulo 0(h°°) (see also [TT] ) as a bounded operator from 
— > provided that the weight $ is smooth and satisfies — <3> = C(/i' 5 ) 
for some 5 > 0. (In the analytic frame work this condition can be relaxed.) 
Egorov's theorem applies in this situation, so the leading symbol p of P is 
given by p o kj< = p. Thus (under the assumptions of Theorem 11.21) we 
have 3?pi . > 0, which in turn can be used to see that for < t < h s , we 

have e~ tp l h = 0(1): ff$ — > i/$ t , where $ t < $o is determined by the real 
Hamilton- Jacobi problem 

d$* 2 9$, 

"ar «T1^> = ' = (L21) 

Now the bound ( 11.161) follows from the estimate 

j.k+1 

$t < $o ~ — (1-22) 

where C > 0. An easy proof of fll.22p is to represent the I-Lagrangian 
manifold A$ t as the image under kt of the I-Lagrangian manifold Ac t = 
{p + iHa t (p)', p G neigh (p , T*X)}, where Ha t denotes the Hamilton field of 
Gt- It turns out that the Gt are given by the real Hamilton- Jacobi problem 

BG 

_£ + + iH Gt {p))) = 0, Go = 0, (1.23) 

and there is a simple minimax type formula expressing $ 4 in terms of Gt, so 
it suffices to show that 

G t < -t k+1 /C. (1.24) 
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This estimate is quite simple to obtain: (11.231) first implies that G t < 0, 
so (VG t ) 2 = 0(G t ). Then if we Taylor expand we get 



dt 



+ HQ P (G t ) + 0(G t ) + $tp(p) = 



and we obtain ( 11.24p from a simple differential inequality and an estimate 
for certain integrals of dtp. 

The use of the representation with Gt is here very much taken from the 
joint work [U] with B. Helffer. 

In Section [3] we discuss some examples. 

2 IR- manifolds close to R 2n and their FBI- 
representations 

Much of this section is just an adaptation of the discussion in [9] with the dif- 
ference that we here use the simple FBI-transforms of generalized Bargmann 
type from [21] , rather than the more complicated variant that was necessary 
to treat a neighborhood of infinity in the resonance theory of [H]. 

We shall work locally. Let G(y,rj) G C°°(neigh ((y , Vo), R 2 ™)) be real- 
valued and small in the C°° topology. Then 

dG d dG d 

A G = {(V,V) +iHa(y,v); (V,V) e neigh ((y ,T] ))}, H G = - -r-^r 

or] ay ay or] 

is an J-Lagrangian manifold, i.e. a Lagrangian manifold for the real symplec- 
tic form 3a, where a denotes the complex symplectic form Y^i^Vj A dyj. 
Here, for notational reasons we reserve the notation (y, rj) for the real cotan- 
gent variables and let the tilde indicate that we take the corresponding com- 
plexified variables. 

We may also represent Ac by means of a nondegenerate phase function 
in the sense of Hormander in the following way: 

Consider 

^(y, v) = -v^y + G($ty, rj) 

where y is complex and rj real according to the convention above. Then 

V v ^(y, V ) = -^y + Vr,G(dty,r]) 7 

and since G is small, we see that dj^, dj^- are linearly independent. So ip 
is indeed a nondegenerate phase function if we drop the classical requirement 
of homogeneity in the 77 variables. 
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Let 

Cy, = {&, V) e neigh ((y , Tfo), C n x R n ); = 0} 
and consider the corresponding I-Lagrangian manifold 

_ 2 90 

= {(y, ^-g^iv^)); (y,v) e Cy,}. 

Here we adopt the convention that J= denotes the holomorphic derivative, 
since y are complex variables: 

9 19 19 
Ifij ~ 2^ + ~id^'' 

Let us first check that that Ay, is I-Lagrangian, using only that tp is a non- 
degenerate phase function: That Ay, is a submanifold with the correct real 
dimension = 2n is classical since we can identify ||| with V^y^yip. Further, 

- — {-—dy+-^=dy) = — dy + -=i 

2z t dy i dy ^ dy dy ^ 

which is a closed form and using that Qcr = d$s(rj ■ dy), we get 

r lA„ 



-3(7| A =0. 



We next check for our specific phase ip that Ay, = A G : If (y, f §~(y, 77)) is 
a general point on Ay,, then Qy = V v G(JRy, rj) and 

2 dip . 21. 9 1 9 w „ /WA ~ xx 

7W ( " ,,) = 75 ( ^7^ )Hr% + G(S!, ''' )) 

+ *«5=)(-»7-^/ + G f (3«y,»7)) 



Hence 



v d3y d^y 
= r)-iV y G(My,r)). 



(y, = (y, *7) + ^c(y, 

2 ar? 



if we choose y = ^ty. □ 
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Now consider an FBI (or generalized Bargmann-Segal) transform 
Tu{x-h) = h- '^ [ e i ^ y)/h a{x,y-h)u{y)u{y)dy, 



where is holomorphic near (x ,y ) G C n x R n , ^s4>y, y > 0> det^ 7^ 0, 
— |^ = i] G R n , and a is holomorphic in the same neighborhood with a ~ 
a (x, y) + hax(x, y) + ... in the space of such functions with a 7^ 0. We can 
view T as a Fourier integral operator with complex phase and the associated 
canonical transformation is 

k = k t : (y, -^-(x,y)) i-> (x, ^(x,y)) 

from a complex neighborhood of (yo, r] ) to a complex neighborhood of (xq, Co), 
where £ = §^( x o> Uo)- Complex canonical transformations preserve the class 
of I-Lagrangian manifolds and (locally), 

K(R 2n ) = A 0O = {{x, V^i?))\ x G neigh {x , C")}, 
where $0 is smooth and strictly plurisubharmonic. Actually, 

$o(x) = sup -$t</>(x,y), (2.1) 

yeR n 

where the supremum is attained at the nondegenerate point of maximum 
Vc(x) (PU). ' 

Proposition 2.1 We have k(Ag) = A$ G , where 

$ G (x) = v.c.^ - $S<f>(x,y) - V -^y + G(^y,r,), (2.2) 

and the critical value is attained at a nondegenerate critical point. Here 
v.c.y )J? (...) means "critical value with respect to y,r] of 

Proof. At a critical point we have 

%y = V v G(Wy,r]), 
^%(j)(x,y) +77 = 0, 

-^ ( p( x ,y) + (y y G)^y, V )=0. 

If f(z) is a holomorphic function, then 

d df d df 

d^sz^^ ^dz' d$tz^^ ^ dz' ^ 
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so the equations for our critical point become 



or equivalently, 

(y, — y)) = W, »7) + iH a(^y, v), 
oy 

which says that the critical point (y, rj) is determined by the condition that 
kt maps the point (y, rj) G A G to a point (x,£), situated over x. Clearly 
the critical point is nondegenerate. We check it when G = 0: The Hessian 
matrix with respect to the variables dty, $sy, r) becomes 

B 

f B C -1 

-10 

which is nondegenerate independently of B, C. 

If denotes the critical value in ( 12.21) . it remains to check that § §f = £ 
where £ = -^(x,y), (y,i]) denoting the critical point. However, since $ is a 
critical value, we get 

— ( — ^scbi x \t]\ — ~~~fx zf) 

i dx i dx dx ' 

□ 

Also notice that when G = 0, the formula (12. 2p produces the same func- 
tion as (12~TD . 

Write y = y + i9 and consider the function 

/(x; y, r?; 6) = -Q(f>(x, y + i9)- V -9, (2.4) 

which appears in (12.21) . 

Proposition 2.2 f is a nondegenerate phase function with 9 as fiber vari- 
ables which generates a canonical transformation which can be identified with 
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Proof. 

£/=-«!<*,» 

so / is nondegenerate. The canonical relation has the graph 

{(x, f x , y, V , y + •*), 0); 17 = y + ty} 

= {(x, §4 (x, y + i9); y, -K§f(x, y + z0), 9fg(x, y + 0)} , 

and up to reshuffling of the components on the preimage side and changes of 
signe, we recognize the graph of Kt- n 

Now we have the following easily verified fact: 

Proposition 2.3 Let f(x, y, 9) e C°°(neigh (x , y , 9 ), R"xR n x K N ) be a 

nondegenerate phase function with (xo,yo,#o) ^ C</>> generating a canonical 
transformation which maps (y , r] ) = (y , -V y f(x ,yo,9 Q )) to (x , V x f(x , yo, 9 
If g{y) i s smooth near y with Vg(yo) = r] and 

h(x) = v.c. y>e f(x, y, 9) + g(y) 

is well-defined with a nondegenerate critical point close to (yo, Oq) for x close 
to x , then we have the inversion formula, 

g(y) = v-c x ,e - f(x, y, 9) + h(x), 

for y G neigh (yo), where the critical point is nondegenerate and close to 
(x ,9 ). 

Combining the three propositions, we get 
Proposition 2.4 

G(y, 77) = v.c. xfi Q<f>(x, y + i9)+r]-9 + $ G (x). (2.5) 

If ($, G) is a second pair of functions close to $ , and related through 
O, (ED, then 

G < G iff $ < $. (2.6) 

Indeed, if for instance $ < $, introduce $ t = t$+ (1 — £)<&, so that d t <f> t > 0. 
If G t is the corresponding critical value as in (12.51) . then d t G t = (dt$t)(%t) > 
0, where (x t , 9 t ) is the critical point. 
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3 Evolution equations on the transform side 

Let P(x,£;h) be a smooth symbol defined in neigh ((x , £ ); A$ ), with an 
asymptotic expansion 

P(x, £; fc) ~ + hp^x, + ... in C°° (neigh ((x , &), A* )). 

By the same letter, we denote an almost holomorphic extension to a complex 
neighborhood of (xo,£o) : 

P{x,bh) ~p(x,£) +hp x {x,i) + ... in C°°(neigh((xo,eo),C 2 "), 

where p, pj are smooth extensions such that 

dp, ^ = O(dist((x,0,A*„)°°)- 

Then, as developed in [XT] and later in [19], if u — Uh is holomorphic 
in a neighborhood V of so and belonging to H$ (V) in the sense that 
\\ u \\L 2 (v,e- 2,f, o/ h L{dx)) * s finhe and of temperate growth in 1/h when h tends 
to zero, then we can define Pu = P(x, hD x ; h)u in any smaller neighborhood 
W <e V by the formula, 

Pu(x) = -\- [ [ e!^P(^, 0; h)u(y)dyd6, (3.1) 

where r(x) is a good contour (in the sense of [21]) of the form # = | ^fjf(^2~^) + 
^-(x = y), | re - y| < 1/C 2 , Ci,C 2 > 0. Then OP is negligible H 9o {V) -> 
L| _(W), i.e. of norm 0(h°°) and modulo such negligible operators, P is in- 
dependent of the choice of good contour. By solving a <9-problem (assuming, 
as we may, that our neighborhoods are pseudoconvex) we can always correct 
P with a negligible operator such that (after an arbitrarily small decrease 
of W) P = 0(1) : H* (V) -> i2* (W). Also, if $ = $ + 0(/iln±) in 
C 2 , then clearly P = 0(h~ N °) : fl*(V) -> H*(W), for some iV . Using 
Stokes' formula, we can show that P will change only by a negligible term 
if we replace $o by $ in the definition of T(x), and then it follows that 

P = 0(1) : #*(V) -> #*(W). 

Before discussing evolution equations, let us recall ([19]) that the identity 
operator H$ Q (V) — > H$ (W) is up to a negligible operator of the form 

Iu(x) = br n [[ e^ o{x > v) a(x,y; h)u(y)e-^ o(y) dydy, (3.2) 
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where ^o(x,y), a(x,y; h) are almost holomorphic on the antidiagonal y = x 
with \l/ (x,x) = $0(2)) ci(x,y;h) ~ a (x,y) + hai(x,y) + a (x,x) 7^ 0. 
More generally a pseudodifferential operator like P takes the form 

Pu(x) = h- n [ [ eT^°^q(x,y;h)u(y)e-^ o{y) dydy (3.3) 



q (x,x) = p(x,-^-(x))a (x,x), 
l ox 

and where go denotes the first term in the asymptotic expansion of the symbol 
q. In this discussion, $0 can be replaced by any other smooth exponent $ 
which is 0{h s ) close to $0 i n C°° and we make the corresponding replacement 
of \l/o- Also recall that because of the strict pluri-subharmonicity of $, we 
have 

2m(x,y) - $(x) - x -\x - y\ 2 , (3.4) 

so the uniform boundedness H$ — > follows from the domination of the 
modulus of the effective kernel by a Gaussian convolution kernel. 
Next, consider the evolution problem 

(hd t + P)U(t) = 0, U(0) = 1, (3.5) 

where t is restricted to the interval [0, h 5 ] for some arbitrarily small but fixed 
5 > 0. We review how to solve this problem approximately by a geometrical 
optics construction: Look for U(t) of the form 

U(t)u(x) =h~ n [[ e^ t{x ^a t (x,y; h)u(y)e- 2 * o{y)/h dydy, (3.6) 



where a t depend smoothly on all the variables and ^t=o — ^o> a t=o — a o 
in (13.31) . so that U(0) = 1 up to a negligible operator. 

Notice that formally U(t) is the Fourier integral operator 

U(t)u(x) = h~ n [[ e^^-^'^atix, 6; h)u(y)dyd6, (3.7) 



where we choose the integration contour 9 = y. Writing 2^/ t (x, 6) = i(f>t{x, 9) 
leads to more customary notation and we impose the eiconal equation 

id t <j>+p{x,4>' x {x,B)) = Q. (3.8) 

Of course, we are manipulating C°° functions in the complex domain, so we 
cannot hope to solve the eiconal equation exactly, but we can do so to infinite 
order at t = 0, x = y = 9. If we put 

A M ,e) = {(xA' x (t,x,9))}, (3.9) 
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we have to oo order at t = 0, 6 = x: 



Afa(. t e) = exp(tHi~)(A M . t0) ). (3.10) 

with Hp = Hp + Hp denoting the real vector field associated to the (l,0)-field 
Hp, and similarly for Hi~. (We sometimes neglect the hat when integrating 
the Hamilton flows.) At a point where dp = 0, we have 

ZT_ rrSRcr C/So" U „ 0~3?cr EjScr ( n 1 1 \ 

where the other fields are the Hamilton fields of dtp, Qp with respect to the 
real symplectic forms dta and respectively. See [SUES]. Thus (13. lOj) can 
be written 

A M . >e) = exp(tH^)(A M , e) ). (3.12) 

A complex Lagrangian manifold is also an I-Lagrangian manifold (i.e. a 
Lagrangian manifold for Qa) so f)3.12p can be viewed as a relation between 
I-Lagrangian manifolds and it defines the I-Lagrangian manifold A^f.m in an 
unambigious way, once we have fixed an almost holomorphic extension of p 
and especially the real part of that function. The general form of a smooth I- 
Lagrangian manifold A, for which the x-space projection A 3 (x, £) i— > x G C n 
is a local diffeomorphism, is locally A = A$ where $ is real and smooth and 
we define 

A$ = \(x, — — — ): x efl}, ftcC" open. 
i ox 

With a slight abuse of notation, we can therefore identify the C-Lagrangian 
manifold A^ with the I-Lagrangian manifold A_q^ , since for holomorphic 
functions (or more generally where d x <po = 0, we have ^ = f d ~Q S J >0 ■ 
(13.41) shows that 



$> (x) + $ (0) - (-%(•, #)) #| 2 - 

Thus, if we define 

A 0t = exp(*F^)(A 0o ), (3.13) 

and fix the t-dependent constant in this defintition of $f by imposing the 
real Hamilton- Jacobi equation, 

d t % + dtp(x, -^) = 0, $ t=0 = $ , (3.14) 
l ox 

and noticing that the real part of (I3.8P is a similar equation for — Q^t, 

a t (-30) + 3^(x, t|-(-30)) = 0, (3.15) 
2 ax 
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we get 

$ t (x) + %(9) - {-%<j> t {x, 9)) x \x - x t (6)\ 2 , (3.16) 

where (a*(0),£ t (0)) ■= exp(tHg°)(p, f ^(9)). 

Determining a t by solving a sequence of transport equations, we arrive at 
the following result: 

Proposition 3.1 The operator U(t) constructed above is 0(1) : H<^ (V) — > 
H$ t (W), (W d V being small pseudoconvex neighborhoods of a fixed point 
Xq) uniformly for < t < h s and it solves the problem k3. 5\) up to negligible 
terms. This local statement makes sense, since by 113.16}) we have 

2m t (x,y) - - $ (y) ^ -\x - x t (y)\ 2 . (3.17) 

Using standard arguments, we also obtain up to negligible errors 

hd t U(t) + U(t)P = 0, < t < h s . (3.18) 

Let us quickly outline an alternative approach leading to the same weights 
$ t (cf US]): ' 

Consider formally: 



-tP/h ule -tP/h u 



and try to choose $ t so that the time derivative of this expression vanishes 
to leading order. We get 

« hd t J u t u t e- 2 * t/h L{dx) 

= - {{Pu t \u t ) H , t + {u t \Pu t ) H , t + I 2^(x)\u\ 2 e- 2 ^ h L(dx)^} . 



Here 



{Pu t \u t ) H , t = J (p Kt +0(h))\u t \ 2 e- 2 ^ h L(dx), 
and similarly for (u t \Pu t )H^, t , so we would like to have 

» J (2^ + 2Up Kt + 0{h))\u t \ 2 e- 2 ^ h L{dx). 

We choose $t to be the solution of (13.141) . Then the preceding discussion 
again shows that e~ tp l h = 0(1) : Hq> — > H<$> t . 
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Since 3ftp is constant along the integral curves of H^- ', we see from (13.141) . 
that the second term in (13.141) is > 0, so 

$t<$o, t>0, (3.19) 

when 



> 0. (3.20) 

-»o ~~ 

Recall that we limit our discussion to the interval < t < h s . 

The author found it simpler to get a detailed understanding by working 
with the corresponding functions G t in the following way: 

Let p be defined by p = p o k t and define G t up to a t-dependent constant 

by 

A* t = K T (A Gt ). 

Then we also have A Gt = exptH p (A Q ), where A = R 2n . In order to fix the 
t-dependent constant we use one of the equivalent formulae (cf (I2.2p . (I2.5P ): 

^ t (x)^Y.c.y >ri (-Q ( f>{x,y)-r,-Qy + G t (Uy,r ] )), (3.21) 

G t (y, V ) = y.c. Xt e(Q<p(x, y + i6)+ V -6 + $ t (x)). (3.22) 
If (x(t,y,rj),9(t,y,r})) is the critical point in the last formula, we get 

9 f M = f (,(«,,,,)) = -m^)^. (3.23) 

As we have seen, the critical points in (I3.2ip . (13.221) are directly related to 
Kt, so (I3.23P leads to 



dG t 
dt 



{y, V ) + &p((y,v)+iH Gt (y,v)) = 0. (3.24) 



Notice that G t < by (EE), (13~T9D . 

Since we consider (I3.24p only when G t and its gradient are small, we can 
Taylor expand (13.241) and get 

-^(y, rj) + Up(y, r,) + M(iH Gt p(y, v )) + 0((VG t ) 2 ) = 0, (3.25) 

which simplifies to 

dG t 



Of 



{y, r,) + H^pGt + 0{{VG t f) = -9fy(y, V)- (3-26) 
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Now, G t < 0, so (VG t ) 2 = 0(G t ) and we obtain 

+ H Qp )G t + 0(G t ) = -ftp, G = 0. (3.27) 

Viewing this as a differential inequality along the integral curves of H^ p , we 
obtain ^ 

-G t (exp(*# % )(p)) x f ^p(ex P sH^ p (p))ds, (3.28) 

Jo 

for all p = (y, rf) G neigh (p , R 2 "), Po = (yo, Vo)- 

Now, introduce the following assumption corresponding to the case (B) 
in Theorem 11.21 

#i(^)(pd){>°; j = ( 3 - 29 ) 

where necessarily is even (since 9?p > 0). We will work in a sufficiently 
small neighborhood of p . Put 

J(t,p)= [ ^p(expsH^ p {p))ds, (3.30) 
Jo 

so that < J{t,p) e C°°(neigh(0,p ), [0, +oo[xR 2n ), and 

«rV(0,Po) = H^mipo) { = £ ^ I * _ 1 • (3.31) 



Proposition 3.2 Under the above assumptions, there is a constant C > 

J{t,p) > (t,p) e neigh ((0,p ),]0,+oo[xR 2ri ). (3.32) 

Proof. Assume that (I3.32p does not hold. Then there is a sequence (t u , p u ) 6 
[0, +oo[xR 2n converging to (0,p ) such that 

J{tv,Pu) n 

and since J(t, p) is an increasing function of t , we get 

J(t,p v ) n 
SU P — TFTi 
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Introduce the Taylor expansion, 

J(t, Pv ) = af + a«t + ... + ai k+1 k k+1 + 0(t k+2 ) 

and define 



J(t u s,p v ) 
u ^ s ) = t k+i > < s < 1. 



Then, on the one hand, 



sup u v {s) — > 0, ^ — > oo, 

0<s<l 



and on the other hand 

(o) (i) 



u v (s) = ^ + ^s + ... + a? +1) s k+l +0{t u s k+ % 



v 



='-Vv(s) 

SO 

sup p u (s) — > 0, v — ► oo. 

0<s<l 

The corresponding coefficients of p„ have to tend to 0, and in particular, 

°^ 1) = (ibTI)! ( ^ +1J(0 ' A ' ) " >0 

which is in contradiction with (13. 3 1 p . □ 
Combining (I3.28P and Proposition I3.2[ we get 

Proposition 3.3 Under the assumption $3. 290 there exists C > such that 

G t (p) < - — , (t,p) e neigh ((0,po),[0,oo[xR 2 ^). (3.33) 

We can now return to the evolution equation for P and the i-dependent 
weight $t in (13331) . From (13331) . (13T2H . we get 

Proposition 3.4 Under the assumption $3.29\) . we have 

t k+1 

$ t (x) < %(x) - — , (t, x) e neigh ((0, x ), [0, oo[xR 2ri ). (3.34) 



20 



4 The resolvent estimates 



Let P be an /i-pseudodifferential operator satisfying the general assumptions 
of the introduction. 

Let Zq G (c?£(p)) \ Tlaoip). We first treat the case of Theorem 11.21 so that, 

z G iK, (4.1) 

sftp(p) > in neigh (p- 1 (z ),T*X), (4.2) 
Vp G p _1 (^ ), 3j < jfe, such that HUStp(p) > 0. (4.3) 



Proposition 4.1 3C*o > stzc/i that VCi > ; 3C2 > stzc/i t/iat we have 
for z, h as %n (TJ^, h < 1/C 2 , u G C °°(X): 



k 



\&z\\\ u \\ < C o\\(z - P)u\\, when Viz < -h^, (4.4) 

k Co MI fc 

/ifc+r|| M || < C exp(-j^($tz) + k )\\(z-P)u\\, when $lz > -h*+i . 

Proof. The required estimate is easy to obtain microlocally in the region 
where P — z is elliptic, so we see that it suffices to show the following 
statement: 

For every p £ P ^o), there exists x £ C£°(T*X), equal to 1 near p , 
such that for z, h as in fll.l4j> and letting \ a l so denote a corresponding 
/i-pseudodifferential operator, we have 

|3fb| ||xtt|| < C \\(z-P)u\\ + C N h N \\u\\, when 3fc < -/i*tt, (4.5) 
h^T\\ X u\\ < C exp{-^(Rz)^)\\(z-P)u\\ +C N h N \\u\\, when > -h& , 

where N G N can be chosen arbitrarily. 

When 9ftz < -/i fe /(fc+i) this is an easy consequence of the semi-classical 
sharp Garding inequality (see for instance [8]), so from now on we assume 
that 3fo > . 

If T is an FBI transform and P denotes the conjugated operator TPT^ 1 , 
it suffices to show that 

NK<Vx)<'T^C'o^ 

(4.6) 

u G H$ (V 3 ), where Vx <<= V 2 <e V3 are neighborhoods of a; , given by (x , £0) = 
Kt(po) G A$ . 



21 



From Proposition 13.41 and the fact that U(t) : H <S>0 (V 2 ) — > H^ t (Vi), we see 
that 

\\U(t)u\\ H , oiVl) < Ce- tk+1 / G \\u\\ H , o{V2) . (4.7) 
Choose 5 > small enough so that 5{k + 1) < 1 and put 



R( z ) = - / ehU(t)dt. (4.8) 
h Jo 

We shall verify that R is an approximate left inverse to P — z, but first 
we study the norm of this operator in H<s> , starting with the estimate in 

\\e%U(t)\\ < Cexp htlStz - ^) (4.9) 

and notice that the right hand side is 0(h°°) for t = h 5 , since 8(k + 1) < 1 
and h-^z < 0(1) In ±. 
We get 

i 7,1 k+2 1 

\\R(z)\\ < - / exp -{iStz - -^dt = —I(—Vtz), (4.10) 
n j n u h k + 1 h k + 1 



where 



3C 



I( s ) = I e st - tk+1 dt. (4.11) 



Lemma 4.2 We have 

I(s) = 0(1), when \s\ < 1, (4.12) 

J( s ) = £22, when s < -1, (4.13) 
\s\ 

I{s) < 0(l)s~^r exp ( ) , when s > 1. (4.14) 

V(fc + i)— ; 

Proof. The first two estimates are straight forward and we concentrate on 
the last one, where we may also assume that s > 1. A computation shows 
that the exponent f s (t) = st — t k+1 on [0,+oo[ has a unique critical point 
t = t(s) = (s/(k + l)) 1/fe which is a nondegenerate maximum, 
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with critical value 

n / / \\ ft + 1 

fs(t(s)) = -i+rs * . 

(k + 1) — 

It follows that the upper bound in ( 14.141) is the one we would get by applying 
the formal stationary phase formula. 
Now 

/;(*) = -(* + l)kt k ~ l < f'Ms)), for M < t < +00, 

so f£°y 2 e st ~ tk+1 dt satisfies the required upper bound. 
On the other hand we have 

~ t( ) 

f s (t(s)) - f s (t) > for < t < s » 1, 

so 

_ t( s ) k + 1 



/ 2 e^ +1 rft<0(l)^exp(/ s (t( s )) 
Jo 



C n 

and (Oil follows. □ 
Applying this to ( 14.10p . we get 

Proposition 4.3 We have 

\\R(z)\\<-^, |»z|<0(l)/i*fc, (4.15) 
hk+i 

\\R(z)\\<^, -1«^<-/i^t, (4.16) 

\\R(z)\\ < -^-ex V (C k ^l^), h& < & z « 1. (4.17) 

hk+i h 

From the beginning of the proof of Lemma 14.21 or more directly from 
(J4~9l) . we see that 



\e%U(t)\\ < Cexp%(8te 



which is bounded by some negative power of h, since we have imposed the 

k 

restriction 3tz < 0(1) (/i In ^) 7S + T - Working locally, we then see that modulo 
a negligible operator, 

l z^ 4 

i?(z)(P - z) = - / e*(-hdt - z)U(t)dt = 1, 
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where the last equivalence follows from an integration by parts and the fact 
that the integrand is negligible for t = h s . Combining this with Proposition 
14.31 we get (14.61) . and this completes the proof of Proposition 14. 1[ □ 

We can now finish the 
Proof of Theorem II .21 Using standard pseudodifferential machinery (see for 
instance [8]) we first notice that P has discrete spectrum in a neighborhood 
of Zq and that P — z is a Fredholm operator of index from T>(P) to L 2 when 
z varies in a small neighborhood of z . On the other hand, Proposition 14.11 
implies that P — z is injective and hence bijective for tflz < 0{k k ^ k+l ' > ) and 
we also get the corresponding bounds on the resolvent. □ 

Proof of Theorem ll.lt We may asume for simplicity that zq = and 
consider a point p £ p 4 (0). After conjugation with a microlocally defined 
unitary Fourier integral operator, we may assume that p = (0, 0) and that 
dp{po) — dC, n . Then from Malgrange's preparation theorem we get near 
p=(0,0),z = 

p(p) - z = q{x, e, z){i n + r{x, z)), ? = £ n _ x ) s (4.18) 

where q, r are smooth and q(0, 0, 0) ^ 0, and as in we notice that ei- 
ther 5sr(x,£',0) > in a neighborhood of (0,0) or 3r(x, 0) < in a 
neighborhood of (0,0). Indeed, otherwise there would exist sequences p+ 

in R n x R™ _1 , converging to (0,0) such that ±Sr(p^) > 0. It is then 
easy to construct a simple closed curve jj in a small neighborhood of po, 
passing through the points (pf, 0), such that the image of under the map 
(x, ^) i— > ^ n + r (a;, 0) is a simple closed curve in C \ {0}, with winding num- 
ber 0. Then the same holds for the image of jj under p, and we see that 
TZ(p) contains a full neighborhood of 0, in contradiction with the assumption 
that = z e 9S(p). 

In order to fix the ideas, let us assume that < near p when z — 0, 
so that 9?(«(£ n + £' j 0))) > 0. From ( 14. 18ft . we get the pseudodifferential 
factorization 

P(x, hD x ; h) - z = -Q(x, hD x , z; h)P(x, hD x , z; h), (4.19) 
i 

microlocally near p when z is close to 0. Here Q and P have the leading 
symbols q(x, £, z) and i(£ n + r(x, z)) respectively. 

We can now obtain a microlocal apriori estimate for P as before. Let 
us first check that the assumption in (B) of Theorem 11.11 amounts to the 
statement that for z = Zo = 0: 

H J m%p(po) > (4.20) 



24 



for some j G {1, 2, k}. In fact, the assumption in Theorem 11.11 (B) is ob- 
viously invariant under multiplication of p by non- vanishing smooth factors, 
so we drop the hats and assume from the start that p = p and Qp > 0. 
Put p(t) = exptHp(po), r(t) = exptH^ p (p ) and let j > be the order of 
vanishing of Qp(r(t) at t = 0. From pit) = H p (p(t)), f(t) = H^ p (r(t)), we 
get 

-(p-r) = iHx p (r)+0(p-r), 
so t 

p{t)-r{t)= [ 0(VSp(r(s)))ds. 
Jo 

Here, if p 2 = ^.(p ~ P*) is the almost holomorphic extension of Qp, we get 

p*{p{t))=ip 2 {p{t)) = 
ip 2 (r(t)) + iVp 2 (r(t)) ■ (p(t) - r(t)) + 0((p(t) - r{t)f) = 
ip 2 (r{t)) + iVp 2 (r(t)) ■ £ 0(V P Ms)))ds + 0(l)(f* 0(VpMs)))ds) 2 . 

Here, Vp 2 (r(t)) = 0(p 2 (r(t)) 1 ' 2 ) = 0(p/ 2 ), so p*(p(t)) = ia(p )P + 0(P +1 ). 
Then, if we conjugate with an FBI-Bargmann transform as above, we can 

construct an approximation U{t) of exp(—tP/h), such that 

\\U(t)\\ <c e^ z - z "\- tk+1 / Co y\ 

when \z-z \ = 0((hln 

From this we obtain a microlocal apriori estimate for P analogous to the 
one for P — z in Proposition 14.11 and the proof can be completed in the same 
way as for Theorem 11.21 □ 



5 Examples 

Consider 

P = -h 2 A + iV(x), V G C°°(X; R), (5.1) 

where either X is a smooth compact manifold of dimension n or X = R n . 
In the second case we assume that p = £ 2 + iV(x) belongs to a symbol 
space S(m) where m > 1 is an order function. It is easy to give quite general 
sufficient condition for this to happen, let us just mention that ifV& C£°(R 2 ) 
then we can take m = 1 + £ 2 and if d a V(x) = 0((1 + |x|) 2 ) for all a G N" 
and satisfies the ellipticity condition (V^x)! > C _1 |x| 2 for |x| > C, for some 
constant C > 0, then we can take m = 1 + £ 2 + x 2 . 
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We have S(p) = [0, oo[+iV(X). When X is compact then £oo(p) is empty 
and when X = TV 1 , we have £oo(p) = [0, oo[+iS oc (l / ), where E^V) is the 
set of accumulation points at infinity of V. 

Let z = x + iy G dE(p) \ S M (p). 

• In the case Xo = we see that Theorem 11.21 (B) is applicable with 
k = 2, provided that is not a critical value of V. 

• Now assume that x > and that y$ is either the maximum or the min- 
imum of V. In both cases, assume that V' 1 {yo) is finite and that each 
element of that set is a non-degenerate maximum or minimum. Then 
Theorem 11.21 (B) is applicable to ±iP. By allowing a more complicated 
behaviour of V near its extreme points, we can produce examples where 
PI (B) applies with k > 2. 

Now, consider the non-self-adjoint harmonic oscillator 

on the real line, studied by Boulton [2] and Davies [6]. Consider a large 
spectral parameter E = iX + /j, where A ^> 1 and <C A. The change 
of variables y = \f\x permits us to identify Q with Q = XP, where P = 
-h 2 -£j + ix 2 and h = 1/X -»■ 0. Hence Q - E = X(P - (1 + if)) and 
Theorem 11.21 (B) is applicable with k = 2. We conclude that (Q — E)~ l is 
well-defined and of polynomial growth in A (which can be specified further) 
respectively (^(A" 1 ) when 

~ < Ci(A _1 lnA)3 and ^ < C± respectively, 
A A 

for any fixed C\ > 0, i.e. when 

12 1 

< CiA3(lnA)3 and \x < CiA» respectively. (5.3) 

We end by making a comment about the Kramers-Fokker-Planck oper- 
ator 

P = hyd x - V'{x) ■ hd y + X -{y - hd y ) ■ {y + hdy) (5.4) 

on R 2 " = R" x R™, where V is smooth and real-valued. The associated 
semi-classical symbol is 

p(x, y; £, v) = i (y't- v '( x ) • v) + \{v 2 + v 2 ) 
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on R 4n , and we notice that dtpi > 0. Under the assumption that the Hessian 
V"(x) is bounded with all its derivatives, |V'(a;)| > when \x\ > C for 
some C > 0, and that V is a Morse function, F. Herau, C. Stolk and the 
author [10] showed among other things that the spectrum in any given strip 
Ci] + R is contained in a half strip 

1 h 2 / 3 
% C i] + %>°°[ ( 5 - 5 ) 

for some Ci = Ci(Ci) > and that the resolvent is 0(h~ 2 / 3 ) in the com- 
plementary halfstrip. (We refrain from recalling more detailed statements 
about spectrum and absence of spectrum in the regions where \^sz\ is large 
and small respectively) 

The proof of this result employed exponentially weighted estimates based 
on the fact that H 2 2 p\ > when pi x 1, pi <C 1. This is of course reminiscent 
of Theorem 11.21 (B) with k = 2 or rather the corresponding result in [7], but 
actually more complicated since our operator is not elliptic near oo and we 
even have that iR \ {0} is not in the range of p but only in E oc (p). It seems 
likely that the estimates on the spectrum of the KFP-operator above can be 
improved so that we can replace h by hhx(l/h) in the confinement (13. 23f) 
of the spectrum of P in the strip i[l/Ci, Ci] + R and that there are similar 
improvements for large and small values of \Qz\. This would be obtained 
either by a closer look at the proof in [TU] or by an adaptation of the proof 
above when k = 2. 
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